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SOLUTION TO BERMAN’S MODEL OF VISCOUS FLOW IN POROUS 
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ABSTRACT

Berman developed the fourth-order nonlinear differential equation with initial and boundary conditions. This model 
is based on two-dimensional, steady, incompressible viscous fluids that flow through the permeable channel with wall 
suction/Injection. The solution of this model is semi-analytically computed by optimal Homotopy asymptotic technique 
(OHAM). Reynolds number is based on Suction or injection through the wall, so for different values of Reynolds, we 
obtained different types of semi-analytic solutions by OHAM. 
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INTRODUCTION

The actual Navier- stokes equations were more precise 
by Berman1 for the viscous fluid under the assumptions 
that the fluid is incompressible, the state is time indepen-
dent, any external force will not act on fluid’s particles, 
flow is laminar and the velocity of fluid at leaving the wall 
is independent to the position. He investigated the effect 
of wall porosity during the flow of viscous fluid through 
the channel with uniformly porous walls and developed 
the governing nonlinear fourth order equation which is 
an exact reduction of Navier-Stokes equations. Reynolds 
number is used as a parameter in Berman’s model based 
on the suction or injection rate at the porous walls of 
the channel. Navier-stokes equation and derived models 
from these equations are mostly inherently nonlinear and 
do not have analytical solutions. So these problems are 
solved by numerical methods or by methods of pertur-
bation, however still there are some limitations to solve 
numerically as the consideration of convergence area to 
avoid divergence solution are itself a big problem. In 
perturbation techniques, a small/large parameter is used, 
but the exertion of such a parameter from the equation 
is difficult especially in nonlinear cases. In recent years 
few techniques that are “free of so-called small/large 
parameter” have been developed and widely used for 
solving problems related to physics and fluid mechanics. 
Like Homotopy analysis method2-5 and Homotopy per-
turbation method6-8, Adomian decomposition method9-10 

which have been tried to treat inherently nonlinear 
problems. These methods have been given the sufficient 
results to researchers in their fields of consideration. We 

consider a new technique Optimal Homotopy Asymptotic 
Method, developed by Marinca and Harisanu11-17. They 
applied OHAM, “to solve nonlinear equations arising in 
heat transfer11”, to solve the “steady flow of fourth-grade 
fluid12”, applied OHAM to “thin film flow13”, for “the 
periodic solutions of motion of a particle on a rotationg 
parabola14”, used this technique to “Accurate solutions 
of oscillators with discontinuities and fractional-power 
with restoring force15” etc. Later on Researchers found 
OHAM as a best tool and followed in wide range. M. 
Idrees et al.16-19 applied OHAM, “to squeezing flow”, 
to the “solution of Kdv equations20” etc. S. Iqbal et al. 
used the linear and nonlinear Klein–Gordon equations21” 
“for the analytic solution of singular Lane–Emden type 
equation22” H. Ullah et al. applied this method to “doubly 
wave solutions of the coupled Drinfel’d-Sokolv-Wilson 
equations23-27”. The main goal of this paper is to finding 
out the semi-analytical solutions to the Berman’s model 
in the case of wall suction and injection by OHAM. 
The paper is arranged in four sections. Section I give a 
brief introduction to Berman’s model and proposed the 
method to solve it. Section II presents the mathematical 
formulation of Berman’s model. Section III is our main 
task, presented the implementation of OHAM to Berman’s 
model with different Reynolds numbers. In section IV 
and V, we discuss the convergence region for different 
Reynolds values and analyzed the conclusion in the light 
of these work respectively.

Flow analysis in two dimensions steady stat and 
mathematical formulation.
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The procedure of Berman’s similarity solution under 
the specific assumptions about the fluid that flow through 
a channel with parallel but spongy walls is brief as under. 
Let the channel with the boundaries, the two dimension 
flow within the range, where the width of the channel 
is. By Berman’s the stream, function could be defined 
as (eq-1)  

   (1)

where υϖ is fluid velocity at entrance or leaving 
through walls, ϖ(0) is average velocity at x=0 , g(y,1)
is the unknown function. Let  then eq-2

   (2)

By mass equilibrium, difference between ϖ(x) and ϖ 
(0) is , so (2) becomes eq.3

     (3)

Substitute (2) into the governing equation of Navier-
Stokes gives eq-4

    (4)

By putting (2) into (4) reduce Navier-stokes into 
third order differential equation for the unknown func-
tion (eq-5)

g(ζ) such as

  (5)

Where k is constant, 
 
is the Reynolds number, 

based on the wall velocity. Reynolds number greater 
then zero correspond to suction through, less then zero 
cause the wall injection. 

From (3), u=0 and v=+υϖ at y=+l give the suit-
able boundary conditions in the form of g'(+1)=0, and 
g(+1)=+1 for (5). For the symmetric flow through the 
channel differentiate (5) once. We get the following 
nonlinear fourth order differential equation with boundary 

value problems (eq-6&7). 

 (6)

g(0) = 0, g'' (0) = 0, g(1) = 1, g''(1) = 0 (7)

 Implementation of OHAM to Berman’s Model 

The formulation and basic procedure of OHAM has 
been explained in detail by many researchers in their 
articles [11-17], here we apply OHAM formula to (6) 
and (7) with brief description.

To investigate the semi analytical solution of equation 
(6), let us choose the initial value problem of g(ζ) as eq-8

    (8)

Satisfy the boundary conditions of (6).

Now take (6) in the form of   
    

According to the procedure of OHAM [7], con-
struct the homotopy formula for Berman’s equation as 
eq-9 

 (9)
with boundary conditions (eq-10)

    (10)

q∈[0,1] is embedding parameter, h(q) is the auxiliary 
function can be defined as  

The convergence rate of the solutions depends upon the 
auxiliary function, as we increase the number of auxiliary 
constant we will find the solution much closer to exact 
form. H(0) be the optimal homotopy for q=0.(eq-11)

(11)

Spread the ψ(ζ;q,K) in Taylor’s series about q, we  
have eq-12

  (12)
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With corresponding boundary conditions (eq-13)

    (13)

is the required semi analytic solution of optimal 
Homotopy asymptotic Method. It is obvious that as we 
increase the auxiliary constants K1, K2, K3..., the series 
solution will be much accurate.

To compute the auxiliary constants K1, K2, K3..., sub-
stitute (12) into (9) gives the following residual (eq-14)

   (14)

Then using least square method as follow to these 
constant be determined.

   (15)

 (16)

(17) 

Adding (8), (15-17) in the form of eq-18

 (18)

Consequently the semi-analytic OHAM solution can 
be obtained by substituting Reynolds value and auxiliary 
constants.

The residual of (6) is eq-19.

 (19)

Convergence of OHAM solution 

As we have discussed in section II about Reynolds 
nuAs we have discussed in section II about Reynolds 
number 

 
which is directly depend on the velocity 

of fluid at entrance/leaving through the porous wall. 
So if  there is suction through wall, while 
corresponds wall injection.

We construct different OHAM solutions against dif-
ferent Reynolds numbers. Further the convergence rate 
of (6) depend on auxiliary constants K1,K2,K3,.. so for 
ensure the accuracy to OHAM solutions, we have find 
out different values for of these auxiliary constants for 
each Reynolds value.

1. Substitute Reϖ = −20 in (19) and applying the least 
square method, it is obtained

K1 =−0.3438518357853573;

K2= 0.0585944048028659;

K3= 0.00871844597159271;

 By substituting these values we can determine the 
Semi analytic solution to OHAM for Reϖ = −20.

2. For Rcϖ = −5; we have

K1 =−0.703822696172146;

K2= 0.02636253595715126;

K3= 0.0034829748697687;

3. For Reϖ = 0, we have K1 =0, K2 = 0, K3 = 0

4. For Reynolds number Reϖ = 5

K1 = −1.4701830656755597;

K2 = 0.15991952553043914;

K3 = −0.0953877285292699;

5. For Reϖ = 20
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K1 = 0.615862862061859;

K2 = − 0.541671782009611;

K3 = 0.19397130347937047;

RESULTS AND DISCUSSION

Semi analytical results achieved by OHAM have been 
represented for each Reynolds numbers in plots and graph-
ics form. Figs. 1-4 show the results for 3rd order OHAM 
of the functions 
(Injection case through wall) and for Reϖ = 20 (suction 
case). Figs. 5-6 give the pathway from wall injection 
to suction in each plot for different functions. Figs. 7-8 
show the variation of  for different 
values of Reynolds as Reϖ = −20, −5,0,5,20. The above 

results have been drawn in graphic form also to show 
the precise shapes for each case. Figs. 9-12 show the 
3D-graphs constructed by mathematica software. During 
all these procedure we find OHAM procedure give the 
convenient way to control the convergence region so 
rapidly. 

CONCLUSION

Optimal Homotopy Asymptotic Method has been used 
to find the semi-analytical results of nonlinear fourth order 
differential equation having initial and boundary values. 

This problem was derived from Berman’s similarity 
solution based on the time independent, a two-dimen-
sional laminar flow of the incompressible viscous fluid 
through a rectangular channel having porous walls. 

Figure 1: 3rd order OHAM solution (18) for g(ξ)with (a) wall injection, (b) wall suction

Figure 2: 3rd order OHAM solution (18) for g(ξ) with (a) wall injection, (b) wall suction
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 Figure 3: 3rd order OHAM solution (18) for g(ξ)with (a) wall injection, (b) wall suction

Figure 4: 3rd order OHAM solution (18) for R(ξ) with (a) wall injection, (b) wall suction

Figure 5: Plot of 3rd order OHAM solution (18) for g(ξ) and g(ξ) from wall injection to wall suction

Figure 6: Plot of 3rd order OHAM solution (18) for g(ξ) and R(ξ) from wall injection to wall suction
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Figure 7: Plot of 3rd order OHAM solution (18) for g(ξ) and g(ξ) corresponding to different Reynolds numbers

Figure 8: Plot of 3rd order OHAM solution (18) for g''(ξ) and R (ξ) corresponding to different Reynolds numbers

Figure 9: Plot of 3rd order OHAM solution (18) for g''(ξ) and R(ξ) from wall injection to wall suction

Figure 10: Plot of 3rd order OHAM solution (18) for g''(ξ) and R(ξ) from wall injection to wall suction



197

ISSN 1023-862X - eISSN 2518-4571J. Engg. and Appl. Sci. Vol.36 No,1 January-June 2017

Figure 11: Plot of 3rd order OHAM solution (18) for g''(ξ) and R(ξ) corresponding to different Reynolds numbers

Figure 12: Plot of 3rd order OHAM solution (18) for g'' (ξ) and R(ξ) corresponding to different Reynolds numbers

Different types of results have been achieved for Reynolds 
numbers which depend on fluid injection or fluid suction 
through the porous wall. All types of the results obtained 
by OHAM have revealed that OHAM is suitable for small 
and large Reynolds number. Moreover with few iterations 
this method give fast convergence than other methods like 
HAM, HPM27-30. By computing the Berman’s similarity 
solution with ease and smooth way, we can predict that 
this technique is best to finding semi-analytical results 
to such nonlinear differential problems which do not 
possess the exact solutions.

REFERENCES

1. Berman, A.S., (1953), “Laminar flow in channels 
with porous walls”, J. Appl. Phys., Vol.24 (9), 
pp.1232-1235. 

2. Nayfeh, AH., (1979), “Introduction to perturbation 
techniques”Wiley.

3. Reza M. Sadri, (1997), “Channel entrance flow, PhD 
thesis, Department of Mechanical Engineering, the 
University of Western Ontario. 

4. Liao, S.J., (1992), “The proposed homotopy analysis 
technique for the solution of nonlinear problems”, 
PhD thesis, Shanghai Jiao Tong University. 

5. Liao, S.J., (2003), “Beyond perturbation: introduc-
tion to homotopy analysis method”, Boca Raton: 
Chapman & Hall/CRC Press.

6. He. J. H., (1999), “Homotopy perturbation tech-
nique”, Comput. Meth. Appl. Mech. Eng., Vol.178, 
pp.257-262.

7. He., J.H., (2004), “The homotopy perturbation 
method for nonlinear oscillators with discontinu-
ities”, Applied Mathematics and Computation., 
Vol.151, pp.287–292.



198

ISSN 1023-862X - eISSN 2518-4571J. Engg. and Appl. Sci. Vol.36 No,1 January-June 2017

8. He, J.H., (2000), “A coupling method for homotopy 
technique and perturbation technique for nonlinear 
problem”. Int J Non-Linear Mech., Vol.35, pp.37–43. 

9. Hasan, Y.Q., Zhu, L.M., (2009), “A note on the use of 
modified Adomian decomposition method for solving 
singular boundary value problems of higher-order 
ordinary differential equation”, Commun nonlinear 
sci numer simulate. Vol.14 pp.3261-3265,.

10. Bulut, H., Baskonus,H.M., Tuluce, S., Akturk, T., 
(2011), “A comparison between HPM and ADM for 
the nonlinear Benjamin-Bona-Mahony equation”, 
International Journal of Basic and Applied Sciences, 
Vol.11(3), pp.146-157.

11. Marinca, V., Herisanu, N., (2008), “Application of 
homotopy asymptotic method for solving non-linear 
equations arising in heat transfer”, Int. Comm. Heat 
Mass Transfer, Vol.35, pp.710–715.

12. Marinca,V., Herisanu, N., (2009), “An optimal 
homotopy asymptotic method applied to the steady 
flow of a fourth-grade fluid past a porous plate”, 
Applied Mathematics Letters, Vol.22, pp.245–51. 

13. Marinca, V., Herisanu,N., (2008), “Optimal homo-
topy asymptotic method with application to thin film 
flow”, Cent. Euro. J. Phys., Vol.6, pp.648-653. 20.

14. Marinca, V., Herisnau, N., (2010), “Determination 
of periodic solutions for the motion of a particle on 
rotating parabola by means of the optimal homo-
topy asymptotic method”, J. Sound. Vibr., Vol.239, 
pp.1450-1459. 

15. Marinca, V., Herisanu, N., (2010), “Accurate 
solutions of oscillators with discountiuties and 
fractional-power with restoring force by means of 
optimal homotopy asymptotic method”, Comp. Math. 
Appl., Vol.60, pp.1607-1615. 

16. Herisanu, N., Marinca, V., (2010), “Accurate ana-
lytical solutions to oscillators with discontinuities 
and fractional-power restoring force by means of 
the optimal homotopy asymptotic method”, Comput. 
Math. Appl., Vol.60, pp.1607–1615.

17.  Marinca, V., Herisanu, N., (2014), “The optimal 
homotopy asymptotic method for solving Blasius 
equation”, Appl. Math. Comput., Vol.231, pp.134–139.

18. Marinca, V., Herisanu, N., (2011), “An optimal 
homotopy asymptotic approach applied to nonlin-
ear MHD Jeffery–Hamel flow”, Math. Probl. Eng., 
Article ID 169056.

19. Idrees, M., Islam, S., Sirajul Haqa, Sirajul Islam, 
(2010), Application of the optimal homotopy asymp-
totic method to squeezing flow”, Comput. Math. 
Appl., Vol.59, pp.3858–3866.

20. Idrees, M., Islam, S., Tirmizi, S. I. A., Sirajul Haq., 
(2012), “Application of the optimal homotopy asymp-
totic method for the solution of the Korteweg-de Vries 
equation, Mathematical and Computer Modeling, 
Vol.55, pp.1324-1333.

21.  Iqbal, S., Idrees, M., Siddiqui, A.M., Ansari, A.R., 
(2010), “Some solutions of the linear and nonlinear 
Klein–Gordon equations using the optimal Homotopy 
asymptotic method”, Appl. Math. Comput., Vol.216, 
pp.2898–2909.

22.  Iqbal, S., Javed, A., (2011), “Application of optimal 
homotopy asymptotic method for the analytic solution 
of singular Lane–Emden type equation”, Appl. Math.
Comput., Vol.217, pp.7753–7761.

23. Ullah, H., Islam, S., Idrees, M., Nawaz, R., (2013), 
“Optimal Homotopy Asymptotic Method to doubly 
wave solutions of the coupled Drinfel’d-Sokolv-
Wilson equations”, Math. Prob. Engg., Vol. 4., Arti. 
ID 362816, pp.8. 

24. Hashmi, M.S., Khan, N., Iqbal, S., (2012), “Optimal 
homotopy asymptotic method for solving nonlinear 
Fredholm integral equations of second kind”, Appl. 
Math. Comput., Vol.218 (22), pp.10982–10989.

25. Sajid, M., Hayat, T., Asghar, S., (2006), “On the 
analytic solution of the steady flow of a fourth grade 
fluid”, Phys. Lett. A., Vol.355, pp.18–26.

26. Haq, S., Idrees, M., Islam, S., (2010)” Application 
of Optimal Homotopy Asymptotic Method to eighth 



199

ISSN 1023-862X - eISSN 2518-4571J. Engg. and Appl. Sci. Vol.36 No,1 January-June 2017

order boundary values problems”, International 
Journal of Applied Mathematics and Computation, 
Vol.2(4), pp.38-47.

27. Dinarvand, S., Doosthoseini, A., Doosthoseini, 
E., Rashidi, M.M., (2008), “Comparison of HAM 
and HPM Methods for Berman’s Model of Two- 
Dimensional Viscous Flow in Porous Channel with 
Wall Suction or Injection”, Adv. Theor. Appl. Mech., 
Vol 1(7), pp.337-347.

28. Islam, S., Zuhra, S., Idrees, M., Ullah, H., (2014), 
“Application of Optimal Homotopy Asymptotic 

Method on Benjamin-Bona Mahony and Sawada 
kotera equations”, World Applied Sciences Journal., 
Vol.31(11), pp.1945-1951.

29. Zuhra, S., Islam, S., Shah, I.A., Nawaz, R., “Solving 
singular boundary values problems by Optimal 
Homotopy Asymptotic Method”, International 
journal of differential equation, Vol.1, pp.287480.

30. Zuhra, S., Ullah, H.,·Shah, I.A., Islam, S., Nawaz, R., 
(2015), “Generalized Seventh Order Korteweg-De 
Vries Equations By Optimal Homotopy Aysmptotic 
Method”, Sci.Int. Vol.27(4), pp.3023-3032.




